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1. INTRODUCTION o
In this article we present some results concerning the strong law :;-
i
of a mixing sequence {X,» n > 1}. We do not assume that {X '} is stationary, ::;
J-
and we use mixing coefficients involving only a pair of variables X, Y (in X
that order): The Rosenblatt mixing coefficient q
1,
a(X,Y) = sup{|P(XeA, YeB)-P(XeA)P(YeB)|: AeB', BeB') i?
(]
and the Ibragimov mixing coefficient i
B{X,Y) = sup{|P(YeB|XeA)-P(YeB)|: AeB', BeB', P(XeA)>0) "
where B' is the o-field of all Borel sets in R'. ::'
3
THEOREM 1. Suppose that {Xn, n>1}is a sequence of random variables, 3
W
and for some p > 1 the following conditions are satisfied: s
X
i°. sup E|Xn|p < o, (1) e
n \y
o . . k4
2°. There exists ¢ > 0 such that as |i-j| » =, 3
§
0(]i-3j| p/(2p-2) £, 1<p<2,

a(X;X.) < o(]i-3]) = (2) ‘
T . . =2/p-¢ H
o(|i-J| ) p>2. S
.l
Then :'
. "&

J,lﬂ(sn' ESn)/n = 0, a.s. (3) ’

'
. _en ‘

Here and in the sequel Sn = 1.=1X1.. z
‘-.

——

THEOREM 2. Suppose that {Xn, n>1} is a sequence of random variables, r l"
and one of the following conditions are satisfied: = A
] &

(1) E var(X )/n2 < =, sup E|X | < =, “fvfi______li

n=1 n n n L e

and . 2 ! —
B(X.sX,) < u(]i-3])s 1w o(n) < = (8) v codes |2

T n=0 e,
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(11) sgp var(Xn) < » and there exists ¢ > 0 such that
R 2. 1+e
_Z]u (i) = O(n/(log n) ); (5)
‘|=

(111) (4) holds, X;s X5 ... are identically distributed and E[X|| < =

(the existence of variance is not assumed). Then (3) is true.

Remarks:

1. Part (I) of Theorem 2 can be compared with a result of Blum et al
[1], who assumes that {Xn} is a *-mixing sequence instead of (4). Note that
this assumption does not follow from (4). We can easily construct a pair-
wise independent sequence which is not *-mixing.

2. Parts (I) and (II) of Theorem 2 can also be compared with some
results (see Theorem 3.7.2 and Theorem 3.7.4 of Stout [5]) derived from
Serfling [4]. The conditions of these results involve correlation coeffi-
cients between two variables in the sequence.

3. Part (II1) of Theorem 2 extends Theorem 1 of Etemadi [2]. The
assumption that {Xi} is identically distributed can be somewhat relaxed,
for example, it can be replaced by the condition that there exists a random
variable Y such that P(|{X | >x) < P(|Y|>x) for all n > 1 and x > 0. We
also mention a related result of Blum et aZ [1] Theorem 1. They assume
that {Xn} is identically distributed, the distribution of X] has a moment
generating function in the neighborhood of zero and that {Xn} is *-mixing.

Under these more stronger conditions they prove that P(ISn -ESn]/ng;e) tends

to zero exponentially.
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2. PROOF OF THE THEOREMS

In deducing our results we shall borrow a trick from Etemadi [2].

The following well-known facts concerning o(X,Y) and g(X,Y) will be used:
Jcov(X,¥)| < 10(a(x,1)) % (Z*8) (£ |x 2o |y 246y 1/(246) | . g (6)
lcov(X,Y)| < 2(8(X,Y)var(X)var(¥))} /2, (7)

For a proof, see Ibragimov and Linnik [3]. Also it is trivially true that

(K1), YIp(N) <alX,Y),  B(XIC(X), YIL(Y)) < B(X,Y) (8)

Q(x'as Y'b) = a(X,Y), B(X'as Y'b) = B(XsY) ® (9)
where C and D are Borel sets in R' and a, b are constants.
Proof of Theorem 1. In view of (9), by defining X: = XnI(Xn>-0),

X;= -X,I(X,<0), n > 1, we can assume without ‘oss of generality that X > 0,

n > 1. Define

1/p+e.I
Yn = (Xn- EXn)I(IXn'-Ean <n )s n>1,
(10)
* n
S = 1_Z](\ri - EY,),

where €y > 0 is a constant to be chosen later.
From condition (1) we have Zn=]P(Xn-EXn#‘Yn) < » and Alﬂ EYn = 0.

Therefore, (3) is equivalent to

Tim S:/n =0, a.s. (11)
N

Now fix a > 1 and let kn = [an]. For positive integer m sufficiently large,

there exists n such that k, <m <k ., andn+=asm->xFrom (1) we have

e L -l'fc"‘ful'.q""-
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4
sup EIYn| 2 C<w, (12)

Here and in the sequel C is an unimportant constant which is allowed to

change. Since Y > 0, it follows that

* * * *
Sp = S 2 -(m-k )C, when S <5 ,
n n
s .S <s S’ o+ (K )C, when S > S.
- < - -m)C, when > .
m kn - kn+'l kn n+l m kn
Hence
* *
S S
k k k k -k
* * n+l n+l n n+l n
IS /m-S, /k | < - + C. (13)
m kn n kn kn+] kn kn
From (13) it follows that if we have shown that
lim S, /k_= 0 (18)
im =0, a.s.
N> kn n

Then we would have

1im supls;/ml < (a-1)C, a.s.
Mo

For any o > 1, hence (11).
By Borel-Cantelli lemma, in order to prove (14), we have only to show

that
J var(s, )k < = (15)
n=1 n

By (6), (8) and (9), we have for any § > O:

kn

*
var(S, ) Y cov(Y.,Y.)
kn' kg1 T

Ky

<C )
i,j=1

(a(Xi,Xj))G/(2+5)(E|Yi|2+6E{Yj|2+6)]/(2+6). (16)

Rran oy » -p - - S WA - .
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From (1) it follows that

2+6 n(2+6-p)(1/p+€])

ElY |77 < ¢ . n=1,2,.... (17)

First consider the case p > 2. From (2), (16) and (17) we obtain

k

. n (2+6-p) (1/p+e )/ (2+5)
var(sy ) < € §=](a(xing)>5/(2+6)(ij) 1
k
n 2(2+8-p)(1/p+eq)/(2+6)
<c J (a(Xi,Xj)>6/(2+6)i PIt1/pte,
i,j=1
k k
2(2+5-p) (1/p+e,) /(248

Noticing 2/p < 1, we can assume that 2/p + £ < 1. Hence from (18) we have

-(2/p+e)s/(2+5) +2(2+8-p) (1/p+e )/ (2+8) + 2

*
var(Sk ) 5_Ckn

n

(19)

This inequality holds for any & > 0. Now we choose € € (0,e/2), then

lim{-(Z/p+e)6/(2+6) + 2(2+6-p)(]/p+e])/(2+6)} = -e +2y=n<0.

Therefore, choosing & sufficiently large, from (19) we obtain
var(S:n).i Ckﬁ'“. Hence (15) is true in view of Z:=]k;“ < =,

Next assume that p = 2. Again, choose €) € (0,e/2). Choose 6 > 0
sufficiently small, such that {1+e)6/(2+8) < 1. We still have (19), with
p=2. Since

-(1+e)s/(2+8) + 28(1/2+¢;)/(248) = -(e -251)6/(2+6) < 0,
(15) holds again.

Finally, consider the case 1 < p < 2. In this case we have, instead

of (18),

o LR e o o R Ot S S s A v RN NN I ION N

N e N,
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k

=~

k
f‘i-(p/(Zp-Z)'+€)5/(2+5) i2(2+a-p)(1/p-+e])/(2+5). (20)
=] i

var(S: )<C
n i

o~

1

Write 8y = 2(p/(2p-2) -1 +e)-]. Since 1 < p < 2, we have 8y > 0. Choose
€ > 0 sufficiently small, such that

0 <6 < 50 = 2(2+5-p)(]/p-Fe])/(2+6) f_] -n

where n > 0 does not depend on ¢, as long as 0 < § < 8q- Because
(p/(2p-2) +€)s/(2+8) < 1 for 0 < § < 5y and (p/(2p-2)-+e)60/(2+60) =1,
one can find § € (0,60), such that

1 - n/2 < (p/(2p-2) +€)é/(2+s) < 1.
For this & we have, by (20),

var(S: ) < ek (-/2)+ 1+ (=) 1 -n/2
n - n - n

So we obtain (15) again. Theorem 1 is proved.

Proof of Theorem 2. Part (I): Again we can assume X, > 0. Write

- * _ g0 -
Y, = X - EX andS =), \Y.. From sup E[X | < = we have sup EIY,| <=

Using the same argument employed in proving Theorem 1, we reduce the proof

of (11) to that of (15). From (4), (7) and (9), '
o 2 kn
nglk" 1.’§=]cov(Y1.,YJ.)
o kn
cyk?y ](u([i-jl)var(Xi)var(Xj))]/z

nZ]var(skn)/kn

1A

n=1 " i,j=

® n n
< ¢k’ Zou]/z(i).z]var(x.) (21) \

<C E var(X_ )/n°® < =, ' (22)
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Part (II) is proved in much the same way as Part (I), only that we
k k
replace Ckn for Zi:]var(xi) and Ckn/(log n)]+€ for Ei:]u1/2(i) in (21) to
obtain (22). Part (III) is proved by truncating Xn at n and combining the

reasoning above and that of Etemadi [2]. 3

3. AN EXAMPLE
Consider the autoregression model !

Xn = a]xn_] + ...+ amxn-m te, n= 0,+1,+2,... . (23)

We want to show that under certain conditions it is true that

3

n n

lim ) X;/n =0, a.s. (24) ¢

N =] :(

't

for any solution of (23). Suppose that the following conditions are ;
satisfied: R
P
1. {en, n=0,x1,...} is a sequence of independent real random vari- g,

.

ables, and :
Y

Ee, = 0, n = 0,t1,..., sup Ele [P =¢C<= for some p > 1. (25) :

n =<} <co n :
where, as before, C is an unimportant constant which is allowed to change. )
2. e, has a density fn satisfying the Lipschitz condition over R': g

1F, () =f (V)] < Clx-y[, n=0,21,22,... (26)

where C does not depend on n. E
"

. -,

3. 315 3y ... 3 are real constants, and the equation 1 - 42 = ... - 3

amzm = 0 has all its root outside the unit circle.

Under the condition 1 and 3, the general real solution of (23) has .

Y

A

w

A e ]
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A the form

. J m. -1

. X 2 b,e 2 Z n*(¢ . cos nw, + si ) = X+ X (27)
0 = p ws: tn n np;) =

: A R RTE b o

where b0 =1, b2’ b3, ... are real constants such that

t
Z‘:: Iby| < CH", t =0,1,2,... for some He (0,1). (28)
fy
3
" ; and wj J=1,...,Jd, are real constants, 0 < Py < 1, §J = 1,...,Jd,
% my+ ... 4 my=m, and gJQ, nogs S 1,...,mJ, j=1,...,Jd, are arbitrary
‘ﬁ random variables. From (25), (27) and (28) it follows that
.i?s '
N EX =0, n=0,1,2,..., sup E[X|P=¢C<ow, (29)
i: n ~w<}<o
i
5 Let n, N be positive integers, n < N. Define
Y

N-!Z'I-] ezo
) Y o= " b.ey .o Z.,= b.e
N
?{ Since b0 = 1, from (26) it follows that the density 9N of YnN obeys Lipschitz's
i condition with the same constant C as in (26). Also
y
N suplE| Y|P 1<n<N<s) = € < . (30)
L)
B
Now let 9 be a positive constant, q, = Zq]. Define the event

h
: 'qZ

Doy = {1Z,y! 2 (N-n) ©}. (31)

(25) entails sup Ele,| = ~. Hence

S -} <o
:

q, <« '
¥ P(D ) < C(N-n) 2 § MY < C(N-n) T2p-n (32) ;
> nN’ — -

5 t=N-n :
ﬁ Let G be a Borel set in R', h be a constant. G - h is defined as the

X .. . P .\‘ ----- o : v ‘aW [ SN ] L] »
N ‘-“A“"‘ " PR CA N l’ T, PN .t. s ¥y ¥ Y LT AT K -'0-"-*



o . q )
5 set {g-h: geH). Write G = GN{u: [ul<(N-n) '3, 6* = G\G. If [h] <1,
we have

o [P(Y, y€G) -P(Y \€G~h)|

A

AN ~ -~ *
e, < [P(YnNeG) - P(YnNeG- h) | +P(YnNeG*) +P(YnNeG - h)

-
C
A

3 _JélgnN(u)-gnN(u-h)ldu+P(|Yan > (=) 1) +P{[Y (1> (N=n) T

<ci-m) e cu-m) v epn-m 137!

1

. q'l -q
& < C(N-n) 'h + C(N-n) . (33)

vt Now let A and B be two Borel sets in R'. We proceed to estimate
9 |P(X, €A, X &B) - P(X eA)P(X €B)|. From (32), (33) and the independence

&
¥ of €ys €y ..., WE have

(P(ineslen,en_],...) -P(Y nEB = IP(Y \eB-Z \1Z ) -P(Y  €B)|

< cem) 2 L ™

X
A

. < om0, (34)

when DnN does not occur. But

[P(Xy€B) -P(Y \€B)| = [P(Y \eB-Z ) -P(Y  €B)]

.'
r )
n

c
IP(DnN)P(YnNe B - ZnN) +P(DnN)P(YnN €B- ZnNIDnN)

2y - P(YnNGBH

c
< P(DnN) + |P(YnNeB-ZnN|DnN) —P(YnNeB)I + P(DnN)

e BN A
A

4 1

B 92,N-n -9
< 2P(Dy) *+ C(N-n) " < C(N-n) “H™"" + C(N-n)

o < c(N-n) (35)

W
' Ly WV BTy 3 v LY LA T - - . B . ‘
ERLTI . DOWON OOV OO M) AT OGN RN U X e XN S \L\l l‘u.‘.'.‘d'\d X Ny ".O!.‘O o o 00 3O g‘.a'lq“.\ § 00 0% 0, 0% %




RPN 3 g TE N T U N O R R O R R O R X R Y L O R 2 G s T O IR R Y YO OO S

10

From (34) and (35) we get

P
- .- -

-~ -q] t

’ |P(X eBje n*€n-1°* )-P(XNeB)I < C(N-n) ;
. -q ]

when D . does not occur. If P(X €B) > C(N-n) 1, then from (33) and (35) |:

we obtain “
9 92,N-n

¢ P(x €A, X €B) > [P(X €B) - C(N-n) ][P(X € A) - C(N-n) 1. (36) d
.:

Also M

P(X €A, X €B) < [P(;(NeB)+C(N-n)-q]][P(ineA)+C(N-n)q2HN-"]. (37)
From (36) and (37) we have

: : : " "9 2, N-n
IP(XneA, Xy €8) -P(XneA)P(XNeB)I < C(N-n) " + C(N-n)

SEEE . id L « Y]

+C(N-n) " < c(N-n) T, (38)

fedC

- -q -
where C does not depend on A, B. (38) is proved when P(XneB) > C(N-n) ]. E
- -q
If P(XNeB) < C(N-n) ], (38) is trivially true. Therefore we get )
\
-~ o~ 'q]
u(Xn,XN) < C(N-n) ', (39)

Now choose qy = p/(2p-2) + 2. From (39) we see that the condition (2) is

satisfied. This, together with (29), gives, by Theorem 1,

.
’
n el

lim ] X./n =0, a.s. (40) 7

N =1 i

]

From the expression of X;, it is readily seen that o
.(
N

1im Z X, /n =0, a.s. (41) .
Ny j=1 .-
N
W
From (27), (40) and (41), we obtain (24). M
o8,
(i
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The conclusion (40) does not follow from the ergodic theorem of station-

¥ ary process, since {en} is not assumed to be identically distributed, so
f? {X,} may not be a strictly stationary process.
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